This article is dedicated to the analysis of Weyl symmetry in the context of relativistic hydrodynamics. Here is discussed how this symmetry is properly implemented using the prescription of minimal coupling: ∂ → ∂ + ωA. It is shown that this prescription has no problem to deal with curvature since it gives the correct expressions for the commutator of covariant derivatives.
I. INTRODUCTION
The holographic calculation of the η/s ratio in the N = 4 SYM plasma and the production of the Quark-Gluon plasma at RICH and LHC reveled the relativistic nature of this fluid and the scaling symmetry of the system [1, 2] . The trace of Weyl symmetry comes either from the experimental bound on bulk viscosity and from the similarity of the η/s calculation in AdS/CFT to the experimental data. This phenomenology calls attention to the importance of the dynamics of a relativistic fluid with Weyl invariance.
The formulation of the relativistic fluid dynamics is performed in a gradient expansion approach [3] [4] [5] [6] [7] [8] . The elastic and friction properties of the fluid are described as perturbations of the ideal fluid flow and the dispersion relation is expressed in a power series ω(k) = ω 0 + δ 1 k + δ 2 k 2 + ... Perturbations are considered at the level of energy-momentum tensor, starting with ideal fluid
with ǫ the energy density, p the pressure, u a a normalized velocity field (g ab u a u b = −1)
and ∆ ab = g ab + u a u b is the transverse projector. The signature of the metric is diag(g) = (−, +, ..., +). The gradient expansion of energy momentum-tensor is
that includes scalar (E, P ), vector (q a ) and tensor π ab perturbations of the ideal fluid.
The symmetric, transverse and traceless part of a contra-variant rank 2 tensor is T ab = The ideal fluid equations together with the thermodynamical equations fixes that 
II. MINIMAL COUPLING PRESCRIPTION
To require Weyl symmetry we impose that the system is invariant under the local scaling transformation
We say that g ab has scaling weight 2 while g ab has scaling weight −2. The local scaling of the metric requires a scaling of the velocity field u a → e −φ(x) u a . Weyl symmetry is a local scaling invariance which in some cases is equivalent to conformal symmetry [9, 10] . For an hydrodynamic system to be invariant under such a transformation its energy-momentum tensor should transform as a tensorial density with scaling weight ω T = d + 2:
Consequently, in the gradient expansion only Weyl covariant perturbations are allowed.
A non-trivial role of the Weyl scaling is that it changes the Christoffel connection in a inhomogeneous way:
As a consequence the velocity gradients and the curvature tensor also transforms inho- 
where A is the Weyl connection and transform as A a → A a + ∂ a φ under Weyl transformations. The mathematical properties of this connection are discussed in [12] . This structure of the Weyl covariant derivative can be organized in a subtle way. It is useful to look at Weyl covariant derivative using the explicit form of the Christoffel connection:
We can write the first two terms in the nice composition (∂ a + ω ζ A a )ζ b . Moreover, we can proceed in the same way and identify the terms of the Christoffel connection with the terms of the Weyl gauge connection in the simple form
For tensors with rank bigger the one we have one combination of the connections for each
Christoffel connection such that we can always combine one metric derivative with one
Weyl connection as expressed above for the contra-variant vector. It means that in order to implement Weyl covariance we can just replace the partial derivative ∂ a by the Weyl invariant one:
In this approach the invariance under local scaling is replaced by the manifestation of a one-form gauge field A = A a dx a . This gauge field does not represent physical degrees of freedom since it is a connection, the corresponding observables are the components of the gauge invariant tensor
A. Curvature
To show how this replacement works the commutation of the Weyl-covariant derivatives is calculated using this approach and will be shown that it provides correctly the well known result
where R c ab d is the conformal Riemann tensor defined by
First note that the above equation can be obtained using the above prescription of minimal coupling. It is straightforward to show that the conformal Riemann tensor R c ab d is obtained by taking the usual Riemann tensor expressed in terms of the derivatives of the metric field ∂g and performing the replacement of ∂g by (∂ + ω g A)g.
It is useful to look at the usual Christoffel connection as a vector operator Γ a . This operator can act in arbitrary tensor, its action is defined as follows: for a contra-variant 
Apply the minimal coupling prescription means that the replacement ∂ a ζ → (∂ + ω ζ A)ζ
] is performed and one find that
In first bracket appear the curvature for the gauge connection
The second term on the hight hand side is the Riemann tensor calculated using the new Christoffel symbolΓ, where the metric is minimally coupled to the Weyl connection A, and is precisely the conformal Riemann tensor
The commutator of covariant derivatives acting on the two-form field F is
The Weyl covariant version of the Riemann tensor has different symmetry properties as pointed out in [11] . The new Ricci tensor R ab = R This approach differs in point of view from reference [9] , where is said that the Ricci tensor is coupled to the Weyl connection through a non-minimal coupling. What is shown here is that if one be careful to implement Weyl covariance through minimal coupling it will either generates the correct gauge curvature F and also correctly change the geometric curvature R → R giving the eq.(10). The present analysis provides a framework to implement Weyl invariance using only what the authors of ref. [9] calls Weyl gauging.
III. HYDRODYNAMICS AND WEYL INVARIANCE
In hydrodynamics the gradient expansion is build up by correcting the energymomentum tensor of an ideal fluid using derivatives of the fundamental degrees of freedom combined in structures allowed by the underlying symmetries of the system.
In this sense Weyl symmetry plays two fundamental roles in such a system. At the first place it constrains the corrections of the energy-momentum tensor to be Weyl invariants, reducing the effective number of transport coefficients in all orders of gradient expansion. This mechanism is discussed along this section. In a second place the Weyl symmetry constrains the dynamics of the system via a local charge conservation law, which is presented in the next section. This local charge conservation is expected as far as Weyl symmetry is treated here as a local gauge one. At the quantum level, the requirement of trace anomaly cancellation provides additional constrains in the fourth order transport coefficients, as pointed out in [8] .
We look at the gradients of the hydrodynamical degrees of freedom. The starting point are the first order gradients Θ, σ ab , Ω ab , ∇ ⊥a ln s and the Riemann tensor R abcd which is second order. One can note that shear and vorticity are already Weyl covariant and can be expressed using the Weyl covariant derivative:
Expansion and entropy gradient do not transform covariantly under Weyl scaling, instead they combine into the connection for Weyl gauge symmetry:
In a gauge theory the connection is not a physical observable since it is not gauge invariant.
The relevant structure is the Maxwell tensor field 
A. Electric and Magnetic components of the Weyl gauge field
The electric and magnetic components of the field strength F ab are
We consider as an illustrative example the electric and magnetic fields observed in the in the special case where space-time is flat and take a local rest frame where u a = (−1, 0).
Them the transverse derivative becomes a space gradient ∇ a ⊥ = (0, ∇) and the gauge connection is A a = (0, ∇lns) so that
One can go further in analogy with classical electrodynamics and speculate about a Newton force that the fluid exerts in a test particle. If the test particle has scaling dimension ω p one expect, in analogy with Lorentz force, that this particle is accelerated by the force
This expression is a speculation about the effect of an hydrodynamical configuration in a classical test particle. The notion of Weyl charge is not so clear for a classical particle, all the time we have been talking about classical fields with well defined behavior under local scaling. If we have a particle described by a quantum field its scaling dimension is fixed by the nature of this quantum field so the quantum nature of the particle may determine its scaling dimension.
The "electromagnetic" structure of Weyl symmetry was noted from the early times that Weyl invariance was proposed [13] and its minimal coupling mechanism was first discussed some years later [14] . At this time the community tried to look at the Weyl symmetry as responsible for generating the electromagnetic field of Maxwell theory, but this idea was set aside and one important reason was the difficult to realize the real factor It is important to emphasize that Weyl connection differ from the electromagnetic connection since some articles, for example in ref. [15] , refer to them as being equivalent.
B. Two approaches for Weyl symmetry
The conformal Riemann tensor defined in eq. (11) is Weyl invariant and depends explicitly on the gauge connection, R = R (g, A) . In contrast the Weyl tensor C abcd is build up from combinations of the Riemann tensor with the metric and do not depend on the Weyl gauge connection, C = C(g). In order to implement Weyl symmetry it is sufficient to introduce a gauge connection and a minimal coupling prescription, but it is not a necessary condition. A Weyl invariant gravity theory for example is obtained by considering combinations of the usual curvature tensors, see [16, 17] . Also for analyzing a hydrodynamical system one can define combinations of the velocity field and curvatures tensor that are Weyl invariant, it is the so called gravito-electromagnetism [18, 19] . In gravitoelectromagnetism the projections of the Weyl tensor C abcd in the direction of a congruence u a are identified as the electric and magnetic tensors
There are two ways to deal with Weyl symmetry: one is to look for combinations of the fundamental structures of the theory that are Weyl invariants and the other is to define a gauge connection and perform minimal coupling prescription. It is not required a manifestation of the gauge field A to reach Weyl invariance, but once there is a vector field in the theory that plays the role of a connection them the minimal coupling prescription guarantee Weyl invariance. So, in the description of Weyl invariant hydrodynamics the combination of expansion and gradient entropy into a vector field that changes by a total gradient under local Weyl scaling, eq. (14), tells us that the nature of an hydrodynamical system choose this way, as an abelian gauge theory, to manifest Weyl symmetry.
IV. LOCAL CHARGE CONSERVATION
Once we have a tensor field for the connection we can look for a global charge in the sense of an electric Gauss law. For a given d dimensional hyper volume Σ the gauge charge inside it is given by the flux of the electric components of F through its boundary
In flat space it takes the familiar form of Gauss law Q W eyl = ∂Σ dAn · E.
Equation (17) Weyl charge should be given by the Gauss law for its "electric" field E i = F 0i . The idea is that if we want to find a charge conservation law for the Weyl charge we need to define the notion of local charge density to build up a current which sources the connection.
Consider for simplicity a flat space-time, the Gauss law for a bounded hyper-volume Σ with boundary ∂Σ defines the local density of Weyl charge as follows
and the Weyl density charge is ρ w (x) ≡ ∇ · E, in curved background we have that
The proposal is that the associated conserved current is defined in the rest frame by J a rest = (ρ w , 0), so that in a boosted frame J a = (γρ w , γρ w v). The current J a will sources the tensor field F , providing an action for the Weyl connection:
F ab F ab + A a J a , extremizing this action above with respect to
A results in the equation of motion
In a rest frame and in flat space-time we have J 
which is the local conservation of the Weyl gauge current. This charge conservation is intriguing, we know that the gauge nature of Weyl symmetry provides a divergence-less vector field that is analogous to the Maxwell electric current. But in classical electrodynamics local charge density is define by ρ e ( r, t) = e( j δ It is known that the vanishing of the shear tensor requires that the fluid is expansion free or vorticity-free [20] [21] [22] . In the second case the remaining physical degrees of freedom are the components E, B of the stress tensor and the space-time geometry g. The approach presented here can be used as a guide in the search of a Lagrangean formulation for these hydrodynamical systems.
